Previous studies have shown the dependence of migration error on reflector dip when poststack migration is done with an algorithm that ignores the presence of anisotropy. Here we do a numerical study of the offset dependence of migration error that can be expected when common-offset data from factorized transversely isotropic media are imaged by an isotropic prestack migration algorithm. Anisotropic ray tracing, velocity analysis and prestack migration in the common-offset domain are the basic tools for this analysis, which we apply to models with constant vertical gradient in velocity that are characterized by a particular combination of Thomsen's anisotropy parameters: TJ= (€-6)/ (1+ 26).
INTRODUCTION
Previous studies have estimated the errors that can be expected in the results of seismic data processing as a consequence of the assumption that earth is isotropic where it is not. Poststack migration (Lamer and Cohen, 1993; Alkhalifah and Lamer, 1994) and dip moveout (DMO) (Lamer, 1993; Tsvankin, 1995) , for example, have been found to introduce mis-positioning of events when anisotropy is ignored. Errors in poststack migration and shortcomings of DMO when anisotropy is ignored bracket .the issue of errors in prestack migration, but may not fully characterize the problems that might be expected when anisotropy is ignored in prestack migration. Jaramillo and Lamer (1994) did a qualitative demonstration of the positioning error in prestack migration based on a common-offset synthetic data set for a transversely isotropic medium with a vertical axis of symmetry (VTI medium) and constant velocity gradient in depth. Although several algorithms are presently available for doing anisotropic migration, it is of interest to gain a more thorough understanding of the perceived need to take anisotropy into account in migration.
For these reasons, here we do a systematic numerical study along the lines of the analysis for poststack migration error done by Lamer and Cohen (1993) and by Alkhalifah and Lamer (1994) . Since offset is the new dimension, we focus our attention on the offset dependence of error. Taking the zero-offset error as a reference, we study the spread of migration-position errors over the range of offsets typically encountered in the seismic exploration. This spread of position errors gives information about the quality of stacking to be expected when data are prestack migrated with an isotropic algorithm, as is done in routine practice.
To perform the error analysis we create a common-offset diffractor response using a ray-trace modeling technique described in Larner (1993) , Lamer and Cohen (1993) , and Alkhalifah (1995) , then simulate the stacking velocities that would be obtained in practice, and finally apply prestack isotropic, depth migration using the velocity information. Position errors are computed in terms of the time error described in Lamer and Cohen (1993) . Once errors are computed for the different offsets, their differences from the zero-offset error are evaluated. These differences give an estimation of the offset-and dip-dependence of error and, by implication, stacking quality.
For the tests, the TI media are characterized by the anisotropy parameters of Thomsen (1986) . In particular, following conclusions of Alkhalifah and Lamer (1994) and Tsvankin (1995) , we study media having a range of realistic values of Thomsen's parameters € and 6. Also, we limit consideration to media with vertical axis of symmetry (i.e., VTI media) and constant gradient in depth of the P-wave velocity along the vertical symmetry axis. (For all of our tests, the gradient is k = 0.6 S-I.) Moreover, the media are factorized anisotropic inhomogeneous (FAI), which means that € and 6 are constants, independent of depth.
Following the numerical study of error as a function of dip and offset, we generate synthetic multi-offset sections for a VTI model with reflecting segments having dip from 0 to 90 degrees in intervals of 15 degrees. Results of migrating these data support the results of the numerical study.
MODELING
To perform the error analysis, for each offset we initially create diffraction curves in a vertical plane. Shearer and Chapman (1988) have developed an efficient method for ray tracing in the type of media considered here -FAI media with constant velocity. gradient in depth. (For FAI media, all ratios among the various elasticity parameters are independent of position.) For transversely isotropic media, the core of their result is the property that raypaths simply are scaled, rotated versions of the slowness curve, the curve that relates horizontal and vertical slowness at any point in the medium. Also, for such media, two-point ray tracing can be done by solving a quadratic equation. The details are explained in Larner (1993) .
To find the reflector dip associated with a given point on the diffraction cun.(' requires use of Snell's law of reflection for zero offset. Larner and Cohen (1993) 501\"('<1 for PI and pa as a by-product of the ray-tracing routine. Here PI is the ray parameter or horizontal component of the slowness vector and Pa is the vertical component of the slowness vector. Snell's law requires continuity of the slowness vectors along an interface. For nonzero offset, let us define P. = (Pl."pa..) as the slowness vector for the incident ray, Pr = (PIr,Par) as the slowness vector for the reflected ray, and u = (cos (J,sin (J), a unit vector pointing along reflector (Figure 1 Lamer and Cohen (1993) .
For all of our tests, we consider just the case where the velocity gradient in the vertical direction is 0.68-1, which we judge to be a sufficiently representative value for the subsurface, considering that the constant gradient is itself a simplification. Also, for all tests, the depth D of the scatterer is 1500 m.
For the error studies, we consider media with the following range of Thomsen's parameters: 0 < € < .3 and -0.2 < 6 < 0.3. Alkhalifah and Lamer (1994) and Tsvankin (1995) have shown that the two parameters, 6 and €, are sufficient to characterize the error behavior of P-waves in VTI media. Tsvankin (1995) , in particular, found that DMO behavior was governed primarily by the difference of the two parameters, € -6. More recently, Alkhalifah and Tsvankin (1995) have shown that a particular combination of € and 6, given by 17= (€-6)j (1+ 26), fully characterizesall time-related processing of P-wave data (e.g., moveout, dip moveout, and poststack and prestack migration) in homogeneous VTI media. We shall collect most of our results in terms of the anisotropy parameter 17.
Viewed in terms of Kirchhoff migration, errors arise in migration when data characterized by one set of diffraction curves are migrated with medium parameters for which the diffraction curves are different. Figure 2 shows a set of five diffraction curves for a scatterer depth of 1500 m and offsets 0, 1000, 2000, 3000, and 4000 m, in a medium with Thomsen's parameters € = 0.2, 6 = 0.1. The curves show the familiar increased flattening near the apex with increasing offset, and an inflection point at the midpoint distance from the scatterer corresponding to the raypath that is horizontal at the scatterer. Note that, for midpoints greater than about 4 km, here, the curves for all offsets seem to overlap, perhaps suggesting that when data are migrated, errors in imaged positions will be independent of offset for larger dips. We shall find that such is not the case. While the curves are close, they do not overlap. The small differences in the diffraction curves will account for finite offset dependence of migration error.
ISOTROPIC PRES TACK MIGRATION Velocity Analysis
Certainly, migration results depend on the velocity function used in the migration. Here, we wish to mimic a common way in which migration velocity is obtained in practice. We start by approximating the stacking velocity that would be found for reflections from horizontal reflectors.
First, we generate a zero-offset diffraction curve for a scatterer depth of 1500 m, i.e., the solid black curve in Figure 2 . Least-square fitting a straight line to t2 -x2 gives the stacking velocity V,tk at the given depth. To find the migration velocity at any -depth from this stacking velocity, we assume that the vertical gradient in interval velocity, dvjdz, is constant and has been computed from velocity analysis 
Pres tack Migration
To simulate migration for a given offset, we apply common-offset isotropic migration to the diffraction curve that would be observed for that offset in the modeled VTI medium (e.g., one of the curves in Figure 2 ). Any of several techniques can be used to compute analytically a diffractor position given the slope and traveltime along the diffraction curve in a common-offset section. We illustrate the one used here by starting with the simplest situation of a zero-offset diffraction response in a homogenous isotropic media. Consider the function (1) which is the surface of a cone for any given diffractor position. Here v is the medium velocity, (Xd,Zd) is the diffractor position and (x, z) is the source (also receiver) position. For a fixed z, for example z = 0 representing the earth's surface, f is a hyperbola (the diffraction curve) in the time-midpoint (t-x) domain. (For zero offset, midpoint, source point, and receiver point are the same). For a fixed time t, and midpoint x (let us aSsumeagain that z = 0),f is a circle with center at (x, z) = (x, 0) and radius -r = vt/2. This circle is the aplanatic curve associated with midpoint (x, z) and traveltime t, the locus of all possible reflection points given the reflection time. Note that the diffractor point (Xd,Zd) is a point of the aplanatic curve. The inverse problem consists of finding the diffractor point (Xd,Zd) given the traveltime t, velocity v, and slope p = dt/dx at a given midpoint (x, z). To find the two unknowns Xd and Zd, we need one more equation. Given that we can measure p = dt/dx, it seems natural to take the implicit derivative of f in equation (1) with respect to x. This gives the second equation,
To see the explicit dependence of 9 on Zdwe recognize that Zd= (vt/2) cosO, where 0 is the angle that the raypath from the source to the diffractor makes with the vertical.
By recognizing also that p = 2 sinO/v, we find (3) the equation of a straight line from source to diffractor. with angl(' 0 respect to the vertical, i.e., the raypath from the source to the scatterer. This simple interpretation will not hold for the case of nonzero-offset geometry, as we will show later. Figure 3 shows the full geometrical interpretation of this problem. Equation (1) serves the double purpose of creating the diffraction response and the aplanatic curve by fixing the appropriate parameters as explained above. After constructing the diffraction response, we select a midpoint (x,O) and traveltime t. Given that time, we construct the aplanatic curve and then trace a ray with ray-parameter p from the source to the aplanatic curve. The point (Xd,Zd) where the ray intersects the curve is the solution of the inverse problem -the diffractor position given the traveltime curve. The algebraic problem is as simple as the solution of a quadratic equation (1) and a linear equation (3), with unknowns Xd and Zd.
Nonzero-offset homogeneous migration.-We start with the double squareroot equation
The parameters are the same as before, with the addition of the new parameter h, half the distance between source and receiver. Equation (4) is a conical surface with elliptical cross section. As before, the diffraction response is generated by fixing Z =O.The function f describes a hyperbola only for h =0 (previous case). As h/zd increases, the curve flattens near its apex (Cheops's Pyramid; Claerbout 1982) . For a fixed time t, fixed midpoint x, and Z = 0, f represents an ellipse -the aplanatic curve associated with the midpoint (x, z) = (x, 0) and time t. Again we seek (Xd,Zd), given time and slope on the diffraction curve. Following the ideas above, we take the (Xd, Zd) . This is the solution of the inverse problem. 
implicit derivative of f with respect to midpoint x, and replace dt/dx by p, yielding ( )
Since this equation is nonlinear, the implicit derivative of f no longer represents the equation of a ray. As we shall see, this equation corresponds to an ellipse. Figure 4 shows the geometrical interpretation of this problem. Equation (4) serves the double purpose of creating the diffraction response and the aplanatic curve by fixing the appropriate parameters. The algebraic problem is simply the solution of the ellipse (4) and its implicit derivative (5) for the unknown position (Xd,Zd).
An alternative way to solve this problem, which will be more convenient for the inhomogeneous case, is to reduce f to the explicit form of an ellipse equation (Claerbout, 1982) . The new equation for f is
where the distance Z -Zd is the diffractor depth below the surface :: =0, and x -Xd is the lateral migration distance by which a midpoint x is displ(l{'oofrom the position directly above the diffractor. For a data point in the midpoint-time domain, this is equivalent to the amount of time and lateral distance requiroo to move a given point on the flank of a hyperbola to the apex of the hyperbola. Let us shift coordinates, letting x -Xd~x and Z -Zd~Z and solve directly for the new x and Z in the
Here we identify x and Z as the lateral and vertical distances from a given data point (in space) to the diffractor position. The new function f is not only simpler than equation (6) but is also written in terms of the needed parameters. Regarding t as a function of x, we take the implicit derivative of f with respect to x and find, after simplification,
Note that p = dt/dx is the same in the shifted coordinate system since the new x is a constant shift of the old one. By letting a = vt/2 and b = Vv2t2/4 -h2, we can write equations (7) and (8) as
Common-offset migration for a homogeneous isotropic medium. (a) A diffraction response is generated by using the function f and fixing the diffractor point (Xd, Zd) = (Om, -500m) for a medium velocity v = 2000 mls and half-offset h = 500 m. A midpoint Xm = 1500m is selected, and its correspondingtraveltime t and slope p are computed. With Xm and t, the aplanatic ellipse (b) is computed using the same function f. The intersection of the curve 9 with the aplanatic curve is the solution to the inverse problem, the diffractor position (Xd, Zd). where A = t/2p and B = bt/2a2p. f is an ellipse with center at (0,0) and semi-axes a (horizontal) and b (vertical), and 9 is an ellipse with center at (A,O) and semi-axes A (horizontal) and B (vertical). Note that a, b,A, B are functions of the parameters v, t,p, h, and (0,0) is a point of g. The solution to the inverse problem is the lower intersection of these two ellipses. Figure 5 describes the geometrical interpretation of this problem. The algebraic solution is found to be
32h4p2v2 V Conversion from depth to migrated time is easily achieved by using
. The nonzero-offset migration for a constant velocity gradient in depth.
- Slotnick (1986) shows that for an isotropic medium with a constant velocity gradient in depth, the raypaths are arcs of circles, and the traveltime is given by 1 x2 + z2+ z2
and Zo= vo/k. x is the horizontal distance from the diffractor to the source, and z is the depth of the diffractor. The total traveltime in a common-offset section is computed as t = T$+ Tr, where T$ is the time from the source to the scatterer, and Tr is the time from the receiver to the scatterer. That is, 1
Here, h is the half-offset betweeJl source and receiver, and x is now the horizontal position of the midpoint. We obtain reflection times in a common-offset gather by fixing h in this equation; in the same way, we obtain reflection times in a commonmidpoint gather by fixing x, and we obtain an aplanatic curve by fixing t. That is, for fixed t, the desired diffractor location (x, z) relative to the midpoint must be a point of the aplanatic curve. The inverse problem consists of finding the coordinates (x, z) given the traveltime t, velocity v, and slope p = dt/dx at midpoint relative to the diffractor location. Dietrich and Cohen (1993) reduced the above equation to
Proceeding the same as before, we obtain a second equation by taking the implicit derivative of f with respect to midpoint x. This gives FIG. 5. Alernative method for common-offset migration for a homogeneous isotropic medium. Given the input parameters v, t,p, h we construct two ellipses. One, I, is associated with the aplanatic curve and the other, g, with is the implicit derivative respect to x. The intersection of the two is the solution to the inverse problem, the relative distance from the midpoint to the scatterer. The solution (x, z) = (1500m, -500m) agrees with the location of the scatterer in the specified model. where, again, p = dt/dx. Figure 6 shows the traveltime curve as well as the curves corresponding to equations (10) and (11). The solution -x = 1500 m, Z = -500 m -is consistent with the scatterer location in the given model.
We solve equation (10) The explicit solution for z in terms of the appropriate solution x and the original parameters vo,t,p, h, k is given by
For this constant-gradient model, the conversion from depth to time is then given by 2
The homogeneous case can be seen as a limiting case of the inhomogeneous one, obtained by taking k --+O. However, it is easier to solve the homogeneous problem as above than to take the mathematical limit of the inhomogeneous case.
COMPUTATION OF ERROR AND ANALYSIS OF RESULTS
In seismic data processing and interpretation we do not consider the positions of isolated points, but rather of reflections that are collection of points; that is, we interpret on a macro-scale. Lamer and Cohen (1993) devised a way to estimate errors due to mis-positioning of reflections. We will use the same technique described there, but for a different reason. The error estimate is the difference between the times of the true and the incorrect migrated reflections at a given output position [i.e., at a given common-midpoint gather (CMP) location]. This time difference will vary with offset, and we use the variation of the time difference across all live offsets as our measure of expected stack quality. Specifically, if the range of time differences is smaller than half a period (here measured at a reference frequency of 30 Hz) we might say that the stacking quality is good. Thus, we focus our attention on the range in error over offset. In essence, we use the zero-offset error studied by Lamer and Cohen (1993) and by Alkhalifah and Lamer (1994) as the reference time error, and consider offset-dependent departures from this value, for all dips. FIG. 6. Common-offset migration for an isotropic medium with constant velocity gradient in depth. Given the input parameters v, t,p, h, k, we construct two curves. One, I, is associated with the aplanatic curve and the other, g, with is the implicit derivative respect to x. The intersection of the two is the solution to the inverse problem, the relative distance from the midpoint to the scatterer. The solution (x, z) = (1500m,-500m) agrees with the location of the scatterer in the specified model. ignoring portions of traces for which X > d, where X is offset, and d is the distance between the midpoint and the diffract or.
As mentioned above, the velocity that we use for migration is based on the stacking velocity for horizontal reflectors. For reference, we first consider a test in which the data are for an isotropic medium and are thus migrated with the appropriate algorithm. The expected result should be zero position error for any dip, and any offset. Given that the ray tracing and migration algorithms are independent programs, we can trust their functionality if the resulting error is zero. Figure 7 shows the (zero) error computed in this case.
In our tests with models of TI media, we characterize the media in terms of the Thomsen parameters € and 6. As mentioned above, Tsvankin (1995) observed that, when anisotropy is ignored for VTI media, DMO error depends primarily on one particular combination of Thomsen parameters, the difference € -6. Subsequently, Alkhalifah and Tsvankin (1995) showed that all time-related P-wave processing in homogeneous VTI media are fully described by the combination of Thomsen parameters given by TJ= (t:-6)/ (1 + 26), pIus the stacking velocity for horizontal reflectors. Patterned on their results, we therefore group our test results, in which 6 and t: vary, by constant value of TJ. Figure 8 shows results for four sets of (t:,6), all with TJ= 0.2. (Media for which TJ = 0 'are elliptically anisotropic. Therefore, the magnitude of TJis a measure of the departure of a medium from elliptical anisotropy.) The difference error is the -difference in migrated time for any given offset and that for zero offset measured in terms of periods of the 30-Hz reference frequency (a positive error means that the offset data are over-migrated relative to the zero-offset data, and a negative error means the opposite). [For the absolute errors on the zero-offset data, see Alkhalifah and Lamer (1994) .] For all dips, the time differences are smaller than 1.5 period (i.e., 45 ms). The abrupt start of some of the curves occurs at the end of the mute time for each offset. Note that the stack will be excellent for dips of 0 and 90 degrees (i.e., for horizontal and vertical reflectors), where the curves cross one another. Beyond 90 degrees, the quality of the stack will degrade, but not severely. Stack quality should be good for dips less than 30 degrees, and of poorest quality between 30 and 70 degrees. Thus, mis-stacking varies from a minimum at 0 and 90 degrees and maximum at about 50 degrees and (not so severely so) at about 110 degrees. Most noteworthy, despite the large variation in fJ and €, and therefore in the details of anisotropy, the curves for the four sets of data, although not identical, are quite alike. and 6 such that T}= 0.1, Le., the media are closer to being elliptically anisotropic. For these tests, the timing differences over offset are less than one period, a considerably smaller spread than for the media that were less close to being elliptically anisotropic. The general behavior of the spread of time differences, however, is basically the same as in the previous case; that is the differences vary from being minimum at 0 and 90 degrees to being maximum at 30 to 70 and, less so, at about 110 degrees, with offset data being under-migrated relative to zero-offset data for dip less than 90 degrees, and relatively over-migrated for dip greater than 90 degrees. Since the spread of time errors is narrower than when T}= 0.2,we expect better stack quality for the T}= .1 media when migration fails to take anisotropy into account. Later, we construct a synthetic model to illustrate the dip-dependence of stack and migration quality. idea of the expected variation in stack quality as a function of dip. Where the curves that make up the blackened zone all cross, we can expect an excellent stack.
Of interest is the close similarity in shapes in the two plots. The local extrema and zero crossings are at the same dips in both cases. The only difference is that, at any given dip, the spread of errors is larger for the medium with larger value of 1].
For elliptically anisotropic media, € -fJ = 0.0, Figure 11 , similar tests yield no migrated-position error,for all dips and for all offsets. In fact, isotropic migration algorithms are exact for elliptically anisotropic media (Alkhalifah and Tsvankin, 1995) . Thus, for media that are elliptically anisotropic for P-wave propagation, the isotropic assumption for prestack migration is just right. We should emphasize that this result holds for time-related processing, such as time migration, dip moveout, and moveout in general. For features to be properly positioned in depth, knowledge of the true vertical velocity of the medium is necessary. Such information is not available from stacking velocity alone. The parameter fJ, which is not available from surface seismic data alone, is needed in order to obtain vertical velocity from stacking velocity. 
WHY STACKS ARE SO GOOD FOR VERTICAL REFLECTORS
It is easy to understand why the quality of stacking of the erroneously migrated data from near-horizontal reflectors will be so high, as suggested in Figure 10 . Nearhorizontal reflectors can be expected to stack well simply because we choose stacking velocity on the basis that it is optimum for stacking horizontal reflectors. Why, then, do our results predict that the quality of the stack will also be high for migrated reflections from vertical reflectors? For a v(z) medium, whether it be isotropic or VTI, the reflection time for all offsets is identical for reflections from vertical reflectors. That is, for unmigrated data, reflections from vertical reflectors in v( z) media have zero moveout, or infinite stacking velocity.
Let us take a close look at the midpoint region where diffraction curves such as those in Figure 2 represent energy reflected from vertical reflectors. Figure 12 is a plot of the difference between the times for nonzero offset and that for zero offset, as a function of reflector dip, for offsets of 800 to 4000 m, in increments of 400 m, for a VTI a medium (1]= 0.1) with constant velocity gradient k =0.6 S-I. All the curves -204 Figure 17 gives migration error, computed as the vertical difference between the true and the misplaced diffractor position, as a function of dip, for zero offset. This curve, which is consistent with the poststack migration errors computed in Alkhalifah and Lamer (1994) , agrees well with the lower envelope of the image in Figure 16 .
Thus, for this case of TJ= .083, isotropic migration yields erroneous positions of imaged reflectors, but those errors are relatively small for all dips, so that the quality of the stack is relatively good. As a result of the difference between computed stacking velocity and true vertical velocity for such a TI medium, even the horizontal event is imaged at the wrong depth. Now, let us consider an example involving a medium that has more extreme anisotropy. Figure 18 shows results for a similar prestack-migration, but this time for € = 0.1 and fJ = -0.1, so TJis a large 0.25. Consistent with the dip-varying offset-dependence of the spread of migration errors in Figures 8 and 9 , the.quality of the stacked reflections is good for small and large dip, and is poorest for dip around Figure 16 .
45 degrees. Note, moreover, that the various imaged reflections are mis-positioned in several ways. First, the ends of the reflecting segments do not terminate abruptly, as they should, and those ends are not at the correct constant depth of 1500 m. This holds for the horizontal reflection as well as for the others. Finally, the steepest reflection, which should have imaged as a vertical reflector, appears under-migrated. All of these problems, aside from the mis-stacking problem for the events with intermediate dip, are fully described by the zero-offset migration-error studies of Alkhalifah and Lamer (1994) . The error in depth for the horizontal reflector is a manifestation of the fact that conventional isotropic processing of data from a VTI medium yields a stacking velocity that differs from the vertical root-mean-square velocity by the factor vI + 26. This depth error is largest for features with small dip.
CONCLUSIONS
When the presence of anisotropy is ignored for transversely isotropic media with vertical symmetry axis, migration causes reflections to be imaged erroneously. In their studies of poststack migration error as a function of reflector dip for linear v(z) VTI media characterized in terms of € and 6, Alkhalifah and Lamer (1994) found complicated dependence of migration error on the Thomsen parameters, and the gradient of velocity. They found that time-migration errors, in general, were not large for dip less than about 50 degrees, but that they could grow quickly for dips larger than that. Here, we find that errors in prestack migration are sufficiently offsetdependent to degrade the quality of stacked migrated data. The largest stacking problems arise for large anisotropy parameter 1]. These problems of stack quality should be virtually absent for reflections from horizontal and vertical reflectors, but are largest for dips of about 50 degrees. Thus, we expect that, for typical degrees of anisotropy, lateral migration error and mis-stacking are not serious problems for dip less than about 30 degrees. Between 30 degrees and 70 degrees, depending on the anisotropy parameters, stack quality may suffer substantially. For larger dip, the stack quality improves (up to and through 90-degree dip), but imaged reflections become mis-positioned laterally. Beyond 90 degrees, mis-positioning problems become severe, but the stack quality does not degrade by much. When data are converted from time to depth, ignorance of the presence of anisotropy will also lead to depth errors (Thomsen, 1986) . These errors are at their worst for the more gentle dips.
These results hold for the limited models considered here -linear v(z) VTI media with velocity gradient of 0.6 s-1, and reflector depth of 1500 m. In Breckenridge, we shall show results of numerical studies such as those done here, but for scatterers at different depths and in media with other values for vertical velocity gradient.
APPENDIX A: SOLUTION OF THE QUARTIC POLYNOMIAL FOR THE PRES TACK MIGRATION PROBLEM
Following are the coefficients of quartic polynomial equation (12) that solves the problem of migration of nonzero-offset data in an isotropic medium with constant vertical gradient in velocity.
k2p2z~ The following chain of intermediate functions helps in obtaining the solution of the quartic polynomial in terms of the parameters of the problem. pages of Mathematica output, at great cost to forests of the world. An attractive point of this algorithm is that it does not require any iterations or an initial guess. All four complex roots are found with a high degree of accuracy. Two roots are complex, and two are real. One of the two real roots corresponds to a point above the surface, and the other is the one in which we are interested. We find the appropriate branch x, then solve for z2, from which we get z. 
